
 
Covering Spaces

Our goal in this section is to prove our first big result
about fundamental groups

The fundamentalgroup of S is isomorphic to 12

Defi let p C B be continuousand surjective p evenlycovers an

open set U CB if we can write p U UVa where V
are disjoint opensets sit for each 4 ply V U is a

homeomorphism The Va arecalled slices
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tf every point beB has a neighborhood U that is evenly covered

by p then p is a coveringmapy and E is a covering space of B
B iscalled the base of

thecovering

Exi Define themap p IR S by p x cos x sinx

This is a covering
p

map Consider
the point bolts

gThe open set

U he.gl xso3rs
has preimage p u U Zita Iz 2in Enee



The If p E B and q C B are covering maps then so is

pxq ExC BxB

Pf If b b c BxB w corresponding evenlycovered

neighborhoods U b and U't b then p 4 4 p a xpki
which is the union of open slices of the form VXVI
homeomorphic to U U as desired D

Examplei Consider the torus S XS Since IRcovers S
IR covers 81 8
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If we have a covering p C B and BoEB a subspace we also

get a covering p Bo Boi

let be S be a point on the circle and consider
Bo bxs U sixb E S x S

e ie OOo i
eightspace

Bo is the union of two circles w a point in common

We obtain a covering space of Bo by taking pip Bo
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E For any topological space X we can take fY X X
where Xp is homeomorphic to X and fly is a homeomorphism

f is a coveringmap

fierce onHw If B is connected and P E B is a covering

map then forany two points x y c B the cardinality of the

fibers p
t x and p y are the same If the cardinality is

d s d d is called the degree of the covering

Consider S E E consisting of complex s w 121 1 Then

p S s givenby
p z z is an n fold covering ydeg2

coveringOs's
Lifting
De Let p C B be a continuous function
If t X B is another continuous function to B then
a lifting of f is a map I X E s t pof f
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If p E B is a covering map then we can locally lift functions
i e it f X E UE B and U is evenly covered then we can lift

f to one of the sheets
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We'll see that if p E B is a covering paths and path
homotopies on B can be lifted

EX Consider the covering p IR s given by p x usa sinx
on y on yi
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f b P The path
f s costs sinks

f lifts to many possible
paths depending which

o D point 0 gets sent to

theorem let p E B be a coveringmap and f o 1 B a path

Suppose f o b p e Then there is a uniquelifting I o 1 E
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PI cover B by open sets U which are each evenly covered by
p The preimages f U cover 0,1

Since o l is a compact metric space the Lebesgue Lemmatells
us that 7 some d s.t x x 8 Ef U some UV x

Thus We can choose a subdivision 0 so S c Sn s t f siSiti

lies in one of the opensets

Define F O e Assume we can define Ffs for OE sEsi
Define F on Csi Sit as follows

f si si E U someopen U evenly covered by P

let VE p U be the slice containing F Si

Then for scCsi Sit define Fcs p v
t f s

Ptv is a homeomorphism so I iscontinuous oh si Sir By induction

we can define a continuous function I o 1 E

I is uniquesincefor each s there was a uniqueslice containing
Icsi D suits

s

O
s cs.in ftcsi



A similar resultholds for mapsfrom IxI I coD

Thin Let F Ix I B be continuous w F o.o b let piC B

be a coveringmap w p e b There is a uniquelifting of F

F Ix I E s t F 0,0 e

PI The proof is just like the previous except wesubdivide I I
into squares w sidelength Cd where 8 is a Lebesgue for

e

Pbt
the preimage of the covering of

F I XI by open sets that are evenlycovered

We then build thelifting square bysquare F is unique because at
each stepthere is a unique choice of slice that willmake F
continuous D

Note that if F is a path homotopy from f to g F will
be a path homotopyfrom F togi If F Ost bo then

P F O t bo so E o t E p bo which is a setof

points w discretetopology Thus Flo t is a single point and similarly
so is F 1st



What about liftingloops Loops don't always lift to loops
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However since path lifting is unique given a startingpoint
the endpoint is alsounique i e if bot B and e c E s't

p e bo then there is a function on sets

4 IT B b p bo

defined 4 tf F l where F is the liftoff s t Ilo e

This is called the liftingcorrespondence

Wmhymi fqd If F is a pathhomotopy from

f to g F is a pathhomotopyfrom F to J so I i g l

Ex If we take the covering IT lR S 4 f 25k

where k depends on howmanytimes f loops around 8
and in which direction CCW or CCW

Claim If E is path connected 4 is surjective

PI let e e p bo g Co 1 E a path from e toe
Then pog is a loop atbo and g poof D



When is 4 bijective When two paths starting and ending
at eo and e resp always have homotopic images in B

Theorem If X is simply connected any two paths f g from
X to X are pathhomotopic

Pfi f g is a loop at xo so f g led
Thus f 5 g e g f g f pg D

Coe If p E B is a covering and E is simply connected

4 IT B bo p bio is a bijection

Pf If 4 ft Y Eg then F and J are paths
starting at eo andending at some e Thus I PJ
so f pof r pog g f g D

Thmi IT 8 EX

PI let p R.co 51,4d be the coveringp x costa sin 2 x

Then since IR is simply connected

4 IT S's bos p i o 12 is a bijection

We just need toshow 4 is a homomorphism

Let Cf Cg c Ti S and 4 CST n 4kg m



Define a new path h o D IR by h s mtg s
where cj is thelifting of g s t g o O

Then I h is defined and is a path from 0 to Mtn

But p n s p n g s p offs g s since pig periodic w

period 1

Thus f h is the lifting of f g beginning at 0

4 f g htm as desired D

Exercise Using a similar argument we can show IT 5 5 7 7


